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Abstract

We consider the steady free surface two-dimensional flow due to a localized applied pressure distribution under the effects
of both gravity and surface tension in water of a constant depth, and in the presence of a uniform stream. The fluid is assumed
to be inviscid and incompressible, and the flow is irrotational. The behaviour of the forced nonlinear waves is characterized by
three parameters: the Froude numtigrthe Bond number; < 1/3, and the magnitude and sign of the pressure forcing ¢erm
The fully nonlinear wave problem is solved numerically by using a boundary integral method. For small amplitude waves and
F < F, < 1 whereF,, is a certain critical value where the phase and group velocities for linearized waves coincide, linear
theory gives a good prediction for the numerical solution of the nonlinear problem in the case of a bifurcation from the uniform
flow. As F approached,, nonlinearity needs to be included in the problem. In this case the forced nonlinear Schrédinger
equation is found to be an appropriate model to describe bifurcations from an unforced envelope solitary wave. In general, it is
found that for given values af < F;, andtr < 1/3, there exist both elevation and depression waves.
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1. Introduction

Free surface flow due to an applied pressure distribution in the presence of a uniform stream has been a much-studied
problem for more than a century, with applications to the forcing of water waves by atmospheric disturbances, or due to moving
obstacles such as ships. For the two-dimensional flow of an inviscid and incompressible fluid, the key parameters describing
the waves are the Froude numliee= U/(gH)1/2 and the Bond number = T/,ogH2 whereU is the velocity of the uniform
stream,H is the undisturbed water depth,is the water density andl is the coefficient of surface tension. To these we add
representing the magnitude and sign of the applied pressure forcing term.

The earliest works (e.g. Rayleigh [1]) used the linearized theory obtained by neglecting nonlinear terms in the free surface
boundary conditions. Importantly, the linearized theory reveals that in order to obtain localized solutions it is necessary that
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F <1 whent > 1/3, or thatF < F, <1 whent < 1/3 whereFy, is that critical value for which the phase and group
velocities coincide at a finite non-zero wavenumber (a formal definition is given in Section 3). In this paper we confine attention
to the gravity-dominated case when< 1/3; the case > 1/3 was considered in a companion paper (Maleewong, Asavanant
and Grimshaw, 2004 [2], hereafter denoted as MAG1). The validity of the linearized theory then requires that not only should
the forcing be sufficiently smalk(« 1), but also that#” be bounded away fromy,, whent < 1/3 and from 1 whert > 1/3.

When both of these criteria fail, a weakly nonlinear theory can be constructed which leads to a forced nonlinear Schrodinger
equation (fNLS) when < 1/3, in contrast to a forced Korteweg—de Vries equation whenl/3 (MAG1).

The analysis from these linear and weakly nonlinear theories reveal that the flow behaviour changes when the critical value
t =1/3 is passed. That is, far > 1/3, the solutions take the form of classical solitary waves. For small amplitudes and very
long wavelengths, the appropriate model from the weakly nonlinear theory is the forced Korteweg—de Vries equation, whose
unforced solitary wave solution has the well-known “s%’eprofile. The connection between these and the fully nonlinear
results is discussed in MAGL1. In contrast, whegr 1/3, the problem is more complicated than this previous case. Now small-
amplitude solutions take the form of envelope solitary waves, that is, localized wave packets, and the relevant weakly nonlinear
model is the fNLS equation (see Akylas [3,4] for the case of zero surface tensiof).

Unforced wave packet structures have attracted much attention over the past three decades. Zakharov [5] showed that the
two-dimensional evolution of water waves in deep water can be described by the nonlinear Schrédinger equation (NLS). Later
Hasimoto and Ono [6] derived this equation to study the stability of two-dimensional gravity waves in water of finite depth. This
was then generalized to three-dimensional waves by Davey and Stewartson [7]. Kawahara [8] included the effects of surface
tension for two-dimensional water waves, while the generalization to the three-dimensional case was done by Djordjevic and
Redekopp [9]. Recently,&au and Dias [10] treated the steady two-dimensional problem of gravity-capillary waves using a
dynamical systems approach. They obtained a normal form equivalent to the steady fNLS model. A stability analysis for these
waves in water of infinite depth was investigated by Calvo and Akylas [11]. In this paper, we extend the NLS equation obtained
by Kawahara [8] to the fNLS equation, and we will show that there is good agreement between the results from this fNLS model
and our fully nonlinear results.

For the fully nonlinear problem, we solve the set of governing equations using an accurate numerical method. Vanden-
Broeck and Dias [12] used a boundary integral equation method to solve the gravity-capillary wave due to pressure distribution
in water of infinite depth. Then Dias, Menasce and Vanden-Broeck [13] utilized the same method to solve the unforced case for
both infinite and finite depth. They found some new families of gravity-capillary waves.

In our work, we apply a similar boundary integral method to investigate elevation and depression waves for both forced
and unforced cases. A localized symmetric surface pressure distribution with a finite span is applied on the free surface to
generate gravity-capillary waves in water of finite depth. We takel/3 and assume that the solution is symmetric, and the
flow is subcritical. We find that both depression and elevation waves exist¥dd ande < 0. For some cases of depression
waves, a limiting configuration with a trapped bubble is found. This type of solution was previously found by Hunter and
Vanden-Broeck [14] in the unforced case.

In Section 2 we describe the formulation of the fully nonlinear problem. Some aspects from the linearized theory are
discussed in Section 3. In Section 4 we provide the boundary integral method for the fully nonlinear problem. Our numerical
results are presented in Section 5. Analysis of the weakly nonlinear theory associated with the fNLS equation, including a
comparison with the numerical results is given in Section 6. We conclude with a discussion in Section 7.

2. Formulation

We consider a steady two-dimensional free-surface flow with a localized applied pressure distribution in water of constant
depth. The fluid is assumed to be inviscid and incompressible, and the flow is irrotational. The fluid domain is bounded below
by a rigid bottom and above by a free surface. We choose Cartesian coordinates witxib@long the bottom and theaxis
directed vertically upwards. Gravity is acting in the negativéirection. Surface tension is included in the dynamic boundary
condition on the free surface. Far upstream, the flow is assumed to be uniform with constant velacityconstant deptH .

The formulation and the corresponding linearized theory is described in MAG1 but for completeness we summarize it here.

The problem is made non-dimensional by choodihgH andU H as velocity, length and velocity potential scales respec-
tively. In terms of these dimensionless variables, the equations governing the motion written in terms of the velocity potential
¢ (x,y) are as follows.

¢xx +¢yy =0, —o0<x<o0,—1l<y<nx), 1)
¢y =0, y=-1, (2
dy =¢xnx, y=n(x), 3
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Heren, is the free surface elevatiof, is the Froude numbey/./gH, t is the Bond numbeF/pg H2 andep(x) is the pressure
forcing term 2, (x)/,oUZ. For given values of andz, and the applied pressu¢p(x), the velocity potentiad (x, y) and the
free surface elevation(x) are to be determined, subject to the boundary conditiongthat x asx — oco. This completes the
formulation.

Here we assume either that the forcing function has compact support, or that it decays rapidly at infinity. Further, we shall
also assume thagi(x) is symmetric, monotone and non-negatiygx) = p(—x) > 0 for all x, and p, (x) < 0 for x > 0).
A typical compact forcing function is

px) = exp(xbz/(x2 - xbz)) for |x| < xp,

while p(x) = 0 for |x| > x; andx; is the span width of the forcing.

3. Linear theory

Before proceeding to numerical simulations of the fully nonlinear problem, it is instructive to consider the linearized theory.
We putp = x + ¢(x, y), whereg(x, y) is the small perturbation @f. Substituting this into the governing equations (1)—(4) and
linearizing around the uniform stream, we obtain the set of linear governing equations as follows (the bar symbol is omitted),

xx +¢yy =0, —oco<x<oo, —1<y<0, )

¢y = 0’ y= _17 (6)

d’y =nx, y=0, (7
2 F?

Fey +n=1tnxx — 76])(}(), y=0. ®)

Next we define the Fourier transform ¢fand its inverse transform as
o 1 o
¢3=/¢e*“”dx, ¢=—f«f>e"’“dk
27
—0o0 —0oQ

respectively, with an analogous definitions for}, and the pressure forcing term. We apply this FourieAr transform to the set of
linear equations (5)—(8). After satisfying the bottom boundary condition (6), we find the solution of ¢gp)dor

43 _a(k)coshk(y + 1)
N coshk ’
The remaining boundary conditions then yield the Fourier transfpafithe free surface elevation as
F2 €p
2 [(1+ tk?) — F2kcothk]’

First, we consider unforced waves. For these, the linear dispersion relation for periodic waves is readily obtained by setting
€ = 0, which from (9) can only be satisfied if its denominator is zero, that is,

tanhk
F2=1+1k? P

n= )

Now localized solutions to the linear forced problem, or indeed to the fully nonlinear forced problem, are only expected to exist
for those values of 2 such that there is no real wavenumkdor which this dispersion relation can be satisfied. It is then easily
shown that this is achieved either for> 1/3 with 0 < F2 <1,orfort < 1/3 with 0< F < F,;, < 1 whereF,, is defined as

the value ofF atk = k,, where & /dk = 0. ThenF;,, k,, are given parametrically as functionsuf< 1/3) by

1+7tk2  sinhZy,

1—tk2  2km

tanhk;,
kim

(10)

sink? ky,

k2,

F2 = (141tk2) =(1—1k2)
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We are now interested in the possible solitary wave bifurcations occurred in the dispersion curve. It is well known that
bifurcation phenomenon occurs when the wave speaglials the group speed or dF2/dk = 0 (Grimshaw and looss [15]).

There are 3 possibilities: (§ =0, (ii) k =k, for k;;, real and (iii))k = k. is a complex number.

(i) Whenk = 0, we haveF = 1. This yields a long wave solution, namely the “solitary wave”. This solitary wave solution
bifurcates from the uniform stream at the critical Froude nuniber 1. These monotonic types of solitary wave exist when
0 < F <1 andt > 1/3. In this case the Korteweg—de Vries equation is a good prediction to these types of waves for small
amplitudes (Hunter and Vanden-Broeck [14]). Existence of these waves has been proved by Amick and Kirchgéssner [16].
Numerical results with the connection to the forced Korteweg—de Vries equation for small amplitude waves can be found in the
companion paper MAG1.

(i) Here k,,,, Fy, are determined from (10). The solitary wave solutions in this case exhibit the form of an envelope wave
whent < 1/3 andF < F,;, < 1. They have damped oscillations in the tail of the waves. Weakly nonlinear analysis reveals that
these equations are governed by the nonlinear Schrodinger equation (Akylas [4]). Moreover, the existence of these types of
waves has been proved by looss and Kirchgéassner [17]. In this paper, we adapt the unforced NLS derived by Kawahara [8] to
investigate the behavior of modulated gravity-capillary waves in the neighborhagd.ok fNLS model is used to explained
the nonlinear behavior of solutions due to the applied pressure distribution. The connection between the fNLS model and our
fully nonlinear results is discussed in Section 6.

(iif) Another possible bifurcation occurs whén= k. = io. is a pure imaginary solution of (10), i.e.,

1— 10?2 _sin2o,
1+ racz 20,

with the corresponding value @ obtained from the linear dispersion relation. This bifurcation represents the situation when
a solitary wave of finite amplitude changes from a wave with monotonic decay at infinity to one with decaying oscillations at
infinity. However, we did not investigate this situation in this present paper; for further details see Dias and looss [18].

Next we return to a consideration of the forced problem whénsmall. Here, we expect the forced solutions to bifurcate
either from the uniform stream, or from the appropriate solitary wave solution. In the former case, the solution is given to
leading order by (9), while in the latter case the leading order solution will be close to the relevant solitary wave, that is, either
the KdV solitary wave ift > 1/3 or the solitary wave solution of the NLS modekif< 1/3.

Considering the linearized solution (9), let us defif@) = (1 + tk?) — F2k cothk. It can be shown thaf (k) is always
positive wheneveF is chosen to ensure the existence of only localized solutions (thakigy & 1 fort > 1/3,and O< F <
F,, for T < 1/3). For a localized forcing functiop(x) which is symmetric, monotone and non-negatipéx() = p(—x) >0
for all x, andp,(x) < 0 for x > 0) it can be shown that the Fourier transfofnis real and positive for alt. Hence, from the
definition of the Fourier transform af, we can infer that) is symmetric and thaf(0) < O(> 0) according ag > 0(< 0).

)

4. Numerical method for the nonlinear problem

In this section we reformulate the problem as an integral equation for the unknown free surface variables. Let us introduce
the complex potential functioii(z) = ¢ (x, y) + iy (x, y) where¢ andys are the usual potential function and stream function
respectively. We define the complex velocityby w = df/dz = u — iv. Hereu andv are velocity components in the and
y-directions. On the free surface, we set the streamline t be0. As a consequence, the bottom defines another streamline
¥ = —1. Here we choos¢ = 0 at the intersection point between the free surface and the symmetry line of the forcing function.
The flow domain in the complex-plane is simply an infinite strip.

To obtain the required integral equation, we adapt the boundary integral technique used by Schwartz [19], Vanden-Broeck
and Dias [12], Asavanant and Vanden-Broeck [20]. We map the flow domain in the cogfygiane onto the lower half of
the complex¢-plane by the transformation = « + i = exp(z f). Instead of using«(¢, ) andv(¢, ¥), we definew as
w=u —iv=exp(g —if). The hodograph variables andé are real-valued functions ef and 8. The kinematic boundary
condition on the bottomy = —1) implies thatd(«, 0) = 0 for « < 0. Next we apply the Cauchy’s integral formula to the
functiong — i in the ¢-plane with a contour consisting of the real axis and the circumference of a half circle of arbitrary large
radius in the lower half plane. After taking the real part, we get

1 N 0(a’
o(@) = —f @) 4o onp=o0. (11)
o —o

b4
0

Hereg(a) = ¢(a, 0) andé () = 6(«, 0). The dynamic boundary condition on the free surface can be written as

~ 30
F2e2¢+2y+F2P—2re‘/’%=2+F2 (12)
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wherer is the Bond number an# (¢) is the forcing function to be defined later. Egs. (11) and (12) define a system of nonlinear
integral equations for the unknown functiétw) on the free surface & @ < co. Finally, the position of the free surfagecan
be evaluated by using the relation

o

V@) =1+ 1 / exp(—¢(@p)) Sind (o) . (13)
s ap
0

To find numerical solutions of this nonlinear system, we use the change of variabt8?. Egs. (11) and (13) become

C T 0 (g0 expiro)
= doo, 14
@) O/ exp(r o) — exp(rg) 0 14
¢
V@) =1+ / exp(—¢' (¢0)) sind’ (go) do. (15)
0

Next we introduce equally spaced points in the potential functioppy (I — D)E, I =1,..., N. HereE is the mesh size.
We evaluate the values ¢f in (14) at the midpointg; 1,2, I =1,..., N, by using the trapezoidal rule with summation over
the pointsg;. The Cauchy principal value integrals can be evaluated as if they were ordinary integrals by using the symmetry
of the quadrature and of the distribution of mesh points. We satisfy the dynamic boundary condition (12) at the midpoints. This
yields N — 1 nonlinear algebraic equations for tiveunknownsg;. The last equation is obtained by imposing the condition
0n = 0. This system of nonlinear algebraic equationsNounknowng; is then solved by Newton’s method.

We specify the pressure forcing on the free surface as

P = EeXp<W1)2_1>, if o] <lpgl;
0, otherwise

Note that it is convenient here to specify the pressure forcing in terngsrather than in terms af. Thus, except in the
linearized limit, the pressure forcing specified here differs from that specified at the end of Section 2. Of course, once the
numerical solution has been obtained, it is straightforward to calculate the form of the pressure forcing as a functan of
instance, the span length;20of the pressure forcing is defined by the integration of @xp) cosd over ¢ from —¢p to ¢p.
For small amplitude solutions it is clear thgs ~ ¢; from our numerical results we find that in genetgl increases witt
for elevation waves, but decreases witfor depression waves. In the simulations reported here, wgfix 1.45.

In the numerical procedure, the integral equation (14) must be truncated. Numerical accuracy is tested by varying the
number of mesh point® and mesh spacing. There are no variations in the numerical solutions when we ch¥ose401
andE < 0.05. More details are given in MAGL1. For the results reportecfer1/3, we chooseV = 699 andE = 0.05 for the
case of elevation waves and use= 401 andE = 0.05 for the case of depression waves. The reason why we use a larger value
of N to compute the elevation waves is that the behavior of the elevation waves is more complicated than that of depression
waves in the neighborhood @f,. These numerical results will be shown and discussed in the next section.

5. Numerical resultswhen T < 1/3

Here we restrict our attention to the case of symmetric subcritical fléis ¢, < 1) whent < 1/3. The case of > 1/3
was considered in our companion paper MAGL. In this section, we present our numerical results=#0&5 for depression
and elevation waves (that is, accordingy@8) < 0 or y(0) > 0 respectively). Note that far = 0.25, F;;, = 0.9707 (see (10)).
The case of unforced solutioms= 0 will be referred to as depression solitary waves or elevation solitary waves.

5.1. Depression waves

It is found that solutions in the form of depression waves can be found forebptsitive and negative. The relationship
betweenF < F,;; andy(0) for various values ot is shown in Fig. 1. For each branch of> 0, there exist critical Froude
numbersFy and F», both dependent oa, such that there is a unique solution wher & < F1, two solutions wherFy <
F < F», and no solutions whef» < F < 1. One family of solutions can be viewed as a perturbation from a uniform stream
and the other is a perturbation from a depression solitary wave. Similar solution behaviours but with different wave profiles
can also be found in the casewf 1/3 (see MAG1). The major difference is that there are more inflexion points on the wave
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Fig. 1. Relationship betweefi andy(0) whent = 0.25 for various values of.

profiles in the present case of< 1/3, indicating that these waves resemble wave packets when the amplitude is small. Some
typical free surface profiles are shown in Fig. 2. Fig. 2 (a) and (b) show the nonuniqueness of solutions for the samévalue of
As the critical value ofFy is reached, the solutions approaches its limiting configuration with a trapped bubble as shown in
Fig. 2(c). This type of solutions in the case of unforced wave was previously found by Hunter and Vanden-Broeck [14], and
Longuet-Higgins [21].

For e =0, a branch of depression solitary waves exists in the rdfige F < F;,. As F approacheg,, there are more
inflexion points on the free surface and the wave profile takes the form of an envelope solitary wave (that is, a wave packet).
The weakly nonlinear model associated with the NLS equation reveals the existence of these solutions (Akylas [4]). We will
defer the comparisons between our nonlinear and the weakly nonlinear model to Section 6. Due to the occurrence of inflexion
points on the free surface whéhis close toF,,, the computation requires more mesh points in order to get the desired solution
accuracy. Thus, computing solutions in the liit> F;,, becomes increasingly difficult.

Whene < 0, there exists a unique solution of depression waves that bifurcateefeerd for F; < F < F,;, as shown in
Fig. 1. The limiting configuration with a trapped bubble occurs wher- F;. As F increases, the depression wave develops
more inflexion points whereas the wavelength increases. The calculations again become formidakippasaches,,.

Typical free surface profiles far= —0.5 andF = 0.7071 and 0.8945 are shown in Fig. 2 (d) and (e) respectively.

5.2. Elevation waves

Similarly for the case of depression waves, there are elevation wave solutions ferpmghive and negative. The relation-
ship betweerF andy(0) for various values of < 0 is shown in Fig. 3. The blow up of the turning point of the- 0 and—0.01
branches is shown in Fig. 4. Similar behaviour is also found in the case of very smdlwhich we will discuss further in
Section 6. For larger negative forcing-£ —0.5), the turning point on the solution curve becomes very sharp. The portions of
the solution curve before and after the turning point almost coincide despite the difference in the profiles.

For thee < 0 branch, there exist critical Froude numbéts and F,4, again dependent ofn, such that there is a unique
solution when O< F < F3, two solutions wherF3 < F < F4, and no solutions whefy < F < F;;;. One family of solutions
can be viewed as a perturbation from a uniform stream and the other is a perturbation from a solitary wave. These results differ
from the case ot > 1/3 in that only the perturbation solution from uniform stream can be found forF0< 1.

The development of wave profiles along the brancl ef —0.01 is depicted in Fig. 5(a)—(c). Fig. 5 (a) and (b) refer to
solutions along the lower portion of the curve before the turning pBiat F4, whereas Fig. 5(c) corresponds to solution along
the upper portion of the curve at the critical vallie= F3.

The branch of an elevation solitary wawe=£ 0) is also found and shown in Fig. 4. It should be noted that these solutions
bifurcate from the critical valu&;, . A typical free surface profile of envelope solitary wave is shown in Fig. 5(d). The connection
to the weakly nonlinear theory of these solutions is discussed in the next section.
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Fig. 2. Typical free surface profiles of depression waves wher0.25. (a) F = 0.8717,¢ = 0.01; (b) F = 0.8717,¢ = 0.01; (c) F = 0.3245,
€=0.01; (d) F=0.7071,e = —0.5; () F = 0.8945,c = —0.5.

Recently, a numerical study of gravity-capillary solitary waves in water of finite depth was reported by Dias, Menasce and
Vanden-Broeck [13]. It is interesting to compare our results shown in Fig. 4. to theirs. To do this, we define the dimensionless
parameter

T
=7
The branch of elevation solitary wave is replotted to show the relationship betwaed y(0). To vary«, we fix t = 0.25
and varyF, 0.866 < F < 0.975. Thena is varied, 0444 > « > 0.277. The relationship betweenand y(0) for fixed t is
shown in Fig. 6(a). Similarly, we can vary by fixing F = 0.9486. This is equivalent to usingin the range(0.224, 0.333)
which corresponds ta € (0.276 0.412). The relationship betweem and y(0) for a given value ofF is shown in Fig. 6(b).
The development of free surface profiles on the curve of Fig. 6(b) is shown in Fig. 7(a)—(e)dé&sreases, more inflexion
points in the wave profile become apparent. We are unable to find solutions<£dy.276. In addition, the wave amplitude
approaches zero asincreases. The relationship betwegi®) andy” (0) corresponding to the wave profiles Fig. 7(a)—(c) is
shown in Fig. 7(d). It should be noted that Dias, Menasce and Vanden-Broeck dﬁﬂpékf- as a unit length. Therefore the
scaling factor of the length scale as compared to ours diffef%zy. After adjusting this scaling factor we find that the curve

o
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Fig. 3. Relationship betweeh andy(0) whent = 0.25 for various values of < 0. Note that the solution curves for positive forcing 0 are
shown in Fig. 14(c).
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Fig. 4. Blow up of the solution branches fore= 0 and—0.01.

in Fig. 6(b) of our work is in good agreement with theirs (Ref. Fig. 4.1). This constitutes an accuracy check of our numerical
computations.

Moreover, we also find a new family of solutions wheg- 0.25 ande = 0. The wave profile is in the form of a two-humped
solution (Fig. 8(a)). AF increases, the wave profile (Fig. 8(b)) develops more inflexion points. \Wtdactreases, the distance
between the undisturbed level and the humps increases (Fig. 8(c)).

Next, to understand the effects of a pressure distribution on these two-hump solutions, we-vargnd < 0. The wave
profiles for increasing > 0 are shown in Fig. 9 (a) and (b). The behavior at the origin changes rapidlywases and the
wave profile develops more humpseicreases. It should be noted that these multi-hump solutions apparently exist only for a
small range of Froude number, and théd) < 0. Due to the complexity in their solution structure, we do not show this solution
branch in Fig. 3. Next we observe from Fig. 10 (a) and (b) that in order to get relatively similar wave amplitQués the
case wher < 0 it is necessary to increase considerably the magnitudeTiis shows the dominant role of surface tension in
the dynamic boundary condition.
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Fig. 5. Typical free surface profiles of elevation waves when0.25. (a)F = 0.7416,e = —0.01; (b) F = 0.9618,e = —0.01; (c) F = 0.8602,
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Fig. 6. («, y(0))-plane. (a)«, y(0))-plane,c = 0.0, variedF’; (b) («, y(0))-plane,c = 0.0, variedr.

6. Weakly nonlinear theory
6.1. Nonlinear Schrédinger Equation (NLS)

In this section, the weakly nonlinear theory for modulated gravity-capillary waves in water of finite depth is considered.
First we consider unforced waves. Initially in this section we use the original dimensional coordinates for unsteady waves in
standard notation in order that we can most easily make comparison with earlier works. In a frame of reference moving with
the group velocityc, = dw/0k, we can write the solution for the free surface elevatjars

n=pnAexpikx —wt)+c.c.+---. (16)

Here A is the amplitude of a wave packet with oscillation wavenumbeand frequencyw satisfying the linear dispersion
relation. We introducg = u(x — cgt) and7 = Mzz and letA = A(&, T), andu < 1. Then the envelopa is governed by the
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Fig. 8. Typical free surface profiles when= 0.25 ande = 0.0. (a) F = 0.8602; (b)F = 0.9165; (c)F = 0.6323.
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Fig. 9. Typical free surface profiles when= 0.25 andF = 0.8602,¢ > 0. (a)e = 0.03; (b)e = 0.15.
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Fig. 10. Typical free surface profiles when= 0.25 andF = 0.8602,¢ < 0. (a)e = —0.3; (b) e = —2.5.

NLS equation (see Kawahara [8] for the derivation)

AT +2Agg +V|AIPA=0 (18)
where
1% 1,2 2 2,4, 2 2 2 3
+ (g + TkH2k?h?(1+ 202 — 30} (19)
and
k2 k 2,04 2 210 4 2 2,4, 4 2
=—— 9" — 1004+ 9) + gTk“(150" — 440“ + 30) + Tk (60~ — 250“ + 21
Y 4w<7|:{g02+Tk2(02—3)} {g & )+8 ( ) ( )}
2(g+Tk?) 2 2, 3 2 2,2 ]
—2 _ 7 _16(g+ Tk)o — 2(g + 3Tk +3(g + Tk?)kh(1— 20
o @07 —gi 188+ THD =2 )03+ 3(g + TkPkh(L - 02?2 (20)

whereo = tanhkh,

w? = gk(1+ tk’h?) tanhkh.

We seek a solution of (18) in the form of an envelope solitary wave, that is,

A, T)=R(x)expik& —oT) (21)
wherey =& — VT is a moving frame with respect to the frar@ge T'), andV andx are constants. Substituting Eq. (21) in the
NLS equation (18) leads to an ordinary differential equation/¢y),

A%+(G—AK2)R+VR3=O with V = 2cA. (22)
Imposing the condition thaR (x) and dR(x)/dx — O for x — to0, the following result is obtained

R =asechyg, with y2 = o= )»(KZ — yz). (23)

va
2\
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Herex and the amplitude are two free parameters. Note that this solution is valid only under the conditiomitha0.
Next, we consider the higher-order NLS equation given by

IA7 +AAge + VIAPA +ipliaAgge +v1lAPAg +v24%A%} =0, (24)
Here
6 0k3

while the higher-order nonlinear coefficients, v, can be expressed as derivatives with respeét @b the nonlinear coeffi-
cientv, but it will turn out that their exact values are not needed here. An envelope solitary wave is now given by

A={R(x)+inR1(x)}expiké —oT). (25)

Without any loss of generality we can assume that ti®, are real-valued, as any imaginary partRp can be absorbed
into R. Substitution into Eq. (24) now yields

(0 = Bur1K) Ry + (0 — hic? 4+ prgkc )R + (v — e (vg — v )R + pu(V — 2«1)Ryy =0, (26)

{r1R1yy + (@ — PRy +VR?R ) + uF1 =0 (27)
where

F1=A1Ryyy — (V1 +3h16®) Ry + (v1 + v2) R?Ry. (28)

Here we have expanded = 2«1 + uVq. At leading order inu, we obtain the previous result th& V are given by (22)
and (23). Next, we see that Eq. (26) fBris identical in form to Eq. (22) and so has the same solution (23) with modified
coefficients. Next Eq. (27) foRq reduces to

[AR1yy + (0 — ARy +vR?Ry} + F1 =0. (29)
This inhomogeneous equation f8§ needs a compatibility condition, that#g should be orthogonal t& which is the bounded
solution of the homogeneous equation for (that is, (27) withFy = 0). Thus we require that
(0.¢]
/ RF1dy =0. (30)
—00
But from (28), this is automatically satisfied and imposes no constraiRt oBut if we look further into Eq. (27), we see that as
x — *oo F; has a leading order term proportional to éxp x). Since the bounded solution to the homogeneous equation for
R1 isjustR it will have the same behaviour. Hence the inhomogeneous equation will have solutions behavirexlikey x)

asy — oo, which is unacceptable. To avoid this we must put to zero the coefficient ¢fexp) in F1 asy — +oo, which
gives

Vi=—-30«2 sothat V =2«i; — u3hk. (31)

It now follows from (16) and (25) that the crests within the packet (16) move with the phase speed

o (k) + prcg (k) + MZO‘

) 32
k + px (32)
o o= kIO vt s, (33)
T Tky K 2k e
That is the linear phase speegl(k + «) slightly modified by finite amplitude effects. The envelope speed is
cg(k) + V= cg(k + px) + O(u®) (34)

after using (31) which is just the linear group velocity to leading order. Since these are not equal in general, the envelope
solution defined by (16) is not a true solitary wave of the full equations.

But now, following the argument of Akylas [4] for the case= 0, suppose that the linear phase speed has a local extremum
at a particular value of the oscillation wave numbet k;,. Then the linear group velocity, (k) is equal to the linear phase
speed, (k). It follows that the bifurcation condition for a small-amplitude envelope solitary wave can be found by equating
(33) with (34) upon putting + px = k, + u2A (that is, in effeck = k,, andx = pA). This gives

2
VvV oa

A=—e.
T (35)
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Since here we can show thatk = k,;,) > 0, andv(k = k) > O for gravity-capillary wave problem, we satisfy the condition
thativ > 0. Also thenA < O (that is,k < k;,) and sac < cj, (k) as required.

6.2. Forced NLSequation (fNLS)

The derivation now follows the same path as above for the unforced NLS, but with a small extra forcing term (see Akylas [3]
for the case when there is no surface tension, @amdPand Dias [10] for a different approach using normal form theory in the
present case). To find the appropriate forcing term, it is sufficient to consider just the linear problem, which is,

n+Une =y, ¢+ Ubx + g0 — th’ne) = —ep(x) aty=0, (36)

together with Laplaces equation fg¢rin —h < y < 0 and¢, =0 aty = —h. This is just the unsteady version of the linearized
problem for perturbations to a uniform stream discussed in Section 3, now in dimensional form. Next, as in Section 3, the
Fourier transform inx of n is

o0
n = / nexp(—ikx) dx, (37)
—0o0
which gives
5 2
{E + iUk} 1+ w2(k)n’ = —ktanhkhep'. (38)

This is easily solved, but here we are concerned only with the case ke, + MZS whereU,, = ¢, = o (k) /km being
the minimum phase speed and occurs for a wavenuibeas before. Hence we look for a solution in which

n=uAX,T)expliknx), (39)
whereX = ux, T = [L2l. Note that for a truly steady solutiod, would not depend off" but it is useful to retain this for now.
Then, using (37) we get

o
n=A"(,T)= / AX, T)exp(—ik X)dX, (40)
—0oQ
wherek — k;;, = k. Substitution into (38) then gives at leading order

€wm

S Al / 247
(A} — k8 A + AkA =~ g2 (41)

whereg* = g(1+ rhzk,%,) andx is given by (19) evaluated at= k,,. Then, inverting the Fourier transform (40) we get

€w,

2g*,z3 pexp(—ikyx). (42)

But herep = p(X/w) and in the limitu — O this is replaced by thé&function, up,§(X) where

—AT +knSA+rAxx =

o
Pm = / p(x) exp(—iky x) dx
—0o0
is the Fourier transform gb(x) atk = k. Clearly we must choose= 2. So now we have

®m Pm
2g*

—AT +kpSA+AAxx = 8(X). (43)

The right-hand side provides the connection between the pressure forcing in the full problem, and the forcing term in the forced
NLS equation. In practice, as discussed below, we replacé-thection with a smooth localized function whose area is unity.
Finally we include the nonlinear term

AT +kmSA +,\AXX+v|A|2A=“’;”—Z’”5(X), (44)
8
wherev is the same as in the unforced equation (18) but evaluateeat, . Note the sign difference in the terasyy compared
to (18) which is due to the different reference frame here.
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We now seek a solution of (44) in the form of a steady envelope solitary wave, thia&is) (X) where we may takd as
real-valued since when the forcing function is symmetriirthen the Fourier transformp,, is real-valued. At the same time
the equation is written in terms of the original unscaled variables. Thus (39) is replaced by

n = A(x)exp(ikmx) + c.c., (45)
and

Aln A+ 3 Ay +v|APA = 22D 5x) (46)

8
whereA = U — Uy,. This is an ordinary differential equation #x(x), whose symmetric solutions far> (<)0 are
a2 va? 2

A =asechy(x Fxg), withy =2 kmA = -1y~ 47)

Next we must use the jump condition.at 0, obtained by integrating (46) across a small interval about the origin,
0+ _ @Wm€Pm

MALIgT = g (48)
Hence we get

2hyasechyxgtanhyxg = wmzefm (49)

8

This determinesq in terms ofp,;, anda and so completes the solution. The Froude numbé&risU/./gh and so for a given
F, we haveA, hencea, y from (47) and finallyxg from (49). Note that the central amplitudedis = a sechy xg. To obtain the
bifurcation curve, we rewrite (49) as

2 2
} — 4l {kmA + WT’”} (50)

{ Wm€Pm

2g*
Thus the bifurcation curve is the same for- 0 or < 0 anda,;; > 0 or < 0. That is, the branch contains four solutions; one
pair (¢ > 0) has a monotonic profile in > 0 if a,;; < 0 but is dimpled ifa;, > 0, while the other paird < 0) has a monotonic
profile inx > 0if a;,, > 0 but is dimpled ifz;;, < 0. But note that as in the forced Korteweg—de Vries model discussed in MAG1
for T > 1/3 case, not all branches are found. Here we must haw&f;,/z < —ki A (see (47)) and so the branches which lie
outside the unforced solitary wave branch (that is, the easé so thatva2 /2 = —k,, A) are not present. Also, there is no
counterpart here of the “singular” solution of the forced Korteweg—de Vries model which remedied the corresponding defect
there.

To find any missing branches thdunction forcing must be replaced with a smooth forcing term. Suppose them, for instance,

that we replace thé-function in (46) with

K sechiyx), (51)
whereK is chosen to make the integral of (51) equal to unity. In this case we seek a solution of the form
A =asechlyx), (52)
but now we find that
2 2
2 va va Kwmepm
=—, and kmA+ —t=——. 53
vi= e and afia g = Eoe 59

Note that nowa > 0 (< 0) andep,, > 0 (< 0) givesk,, A + va2/2 > 0. Thus the “missing” branches are found. Conversely,
the previous branches with, A + va?/2 < 0 now require that > 0 (< 0) asep;, < 0 (> 0) and so the previous “dimpled”
solutions are not found here. If they do exist for the fNLS equation with the forcing term (51) numerical integration is needed,
but see below in Subsection 6.3 for more comment on this issue. Further, this solution is anomalous in that the above branch
extends to the forbidden regiat > 0. The reason is that here the forcing (51) extends to infinity, unliké-flse@ction forcing
in (46), and the solution (52) has the same decay rate at infinity as the forcing. Hence the usual argument ahcuOwdoes
not apply.

This suggests that (51) is not a good choice as a forcing term, and a better one is

K secﬁ(yx). (54)
Here,K is chosen so that the area under the forcing function is again unity. In this case again we seek a solution

A =aseclyx). (55)
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Now the forcing (54) decays more rapidly at infinity than the solution (55). We find that

2

K

kmA=—2y2 and alkpa+ ot 2OmPm (56)
2 2¢"

Note that (56) is in fact identical to (53) but now < 0 is required. But again the “dimpled” solutions are not found, and
presumably again need numerical integration. Also, the expression (56) includes the braneh-v@ittvhich (53) does not
allow.

6.3. Comparison of fNLSand nonlinear results

To make a connection with the nonlinear numerical results, in this section we choose the pressure dism?q;momz to
be the same as that used in the numerical results, but reduced for the present weakly nonlinear limit. That is, we let

2
px) = exp[%] for |x| < xp, (57)
X% —xp

and zero elsewhere. As above théunction in (46) is then replaced by a smooth function such that the area under the curve of
this function is unity. Thus we make the substitution

o
6(x)—>& wherepg = / p(x)dx.
PO
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Fig. 11. (a) Relationship betwednand(0) from fNLS results. (b) Free surface profile from the fNLS whegr- 0.968 ande = —0.001.
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Fig. 12. Relationship betwedh and(0) in the case of depression waves wheg 0.25. (a)e = 0.0001; (b)e = 0.0; (¢) e = —0.0001.

Then Eg. (46) becomes, in dimensionless coordinates based on lengtiisaatevelocity scalég H)/2,

erwm Pm

(F = Fy)kim A + A Axx + v AI2A = P, (58)

Apo(1+ Tk
Strictly speakingF = F,;, on the right-hand side, but we will retaifi in the above equation. Here,, v, are the non-
dimensional values of, v atk =k, .

We will find A(x) numerically by using a high-order Runge—Kutta method. To do this numerically, we set initial conditions
atx = L whereL > x;,. That is, we put

A(x) =agexp(=2y L), Ay =—2yapexp(=2yL),

where

2 km(F—Fp)

i e—
We assume thadl is real, and then integrate fro to 0. Thenqaq is varied until we can satisfy, (x = 0) = 0. Note that
we need to find both elevation and depression waves, and presumably thesg kaye) 0. Also, for this fNLS the change
€ > —e andA — —A leaves the equation unchanged. This implies that all solutions 00 can be found as mirror images
of those fore > 0. Thus, it is sufficient to solve far > 0 and find both depression and elevation waves, since the branches for
€ < 0 are simply found by changing(0) to —A(0) as above. Also since two branches have a turning point, there can be two
solutions for a giver¥ implying that for a fixede > 0 (or < 0) there are potentially three solutions. Finally, the free surface
profiles are obtained from (45),

n = 2A(x) coS(k, x).
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Fig. 13. Comparisons of free surface profiles for depression waveE.£&).96695,¢ = 0.0001; (b) F = 0.96974,¢ = 0.0; (c) F = 0.96902,
€ =—0.0001.

The values ofv and A in the fNLS equation are scaled by usiRggH as a unit velocity andd as a unit length. When
7 = 0.25, the corresponding critical values are as folloys:= 1.402, w,, = 1.361, F,;, = 0.9707,1,,, = 0.045,v,,, = 1199,
pm = 0.4562 andpg = 0.6438. Note that,, v, > O for this value oft as required. Indeed it can be shown thgt,,, > 0 for
allt,0<t <1/3.

6.3.1. Depression waves

For smalle, the fNLS model predicts the existence of all branches found numerically. The branckes 601, 0 and
—0.001 for depression waves are shown in Fig. 11(a) (those for elevation waves are mirror images of these with the sign of
€ reversed as discussed above). These branches correspond to the fully nonlinear results shown in Figs. 1 and 3. Interestingly
while we see good qualitative agreement, the quantitative agreement is markedly better for depression waves than for elevation
waves. Fig. 11(b) shows the free surface profile) and the envelopd (x) obtained from integrating the fNLS equation (58).
From Fig. 11(a) we see that the< 0 branch crosses the unforced=£ 0) branch, and a “dimpled” solution exists above this
unforced branch. This behavior agrees qualitatively with the analysis in Section 6.1 witfidteéng (compare also the results
presented by &au and Dias [10]). However, when we use the actual forcing, we see that the branch with negative forcing does
exist, but lies below the unforced branch until the dimple appears, after which it lies above the unforced branch. In contrast,
using thes-function forcing places the “dimpled” branch always above the unforced branch, and in fact coincident with the
“monotonic” branch.

Next we compare the depression wave solutions of the fNLS equation (58) with the numerical solutions of the fully nonlinear
equations, and also with the linear solutions obtained from (9)Fe10.0001, the relationship betweet0) and F of the
linear, fNLS and nonlinear solutions are shown in Fig. 12(a). As expected, the numerical solutions of (58) confirm the previous
analysis corresponding to the bifurcation curve (56). Two solutions are found at the same \&lukhat is, one solution (the
upper curve) is the bifurcation from a uniform stream and the other (the lower curve) is the bifurcation from an envelope solitary
wave. From Fig. 12(a), results from the fNLS model agree well with the fully nonlinear results along the upper curvé’and as
nearsFy, . But unlike the fNLS solutions, the linear solutions &os 0 are in good agreement with fNLS and nonlinear solutions
only whenF is not too close taFy,. Along the lower curve, we find that the differences in amplitude between the fNLS and
nonlinear results emerge & decreases away from, since the wave amplitude increasesraslecreases. This behaviour
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Fig. 14. Relationship between and(0) in the case of elevation waves wheg= 0.25. (a)e = —0.0001; (b)e = 0.0; (c) e = 0.0001.

of the fNLS solutions are consistent with the assumptions made in the derivation of the fNLS model. The comparison of the
computed free surface profiles between fNLS and nonlinear results are shown in Fig. 13. The compa¢iso0.6001 and
on the lower branch is shown in Fig. 13(a). Although there is a difference in the amplitudes, the wavelength calculated from the
two approaches is in good agreement with the predicted vatyié, 2

A comparison of the depression solitary wavesdes 0 obtained from the NLS model and the fully nonlinear numerical
solution are shown in Fig. 12(b), and a typical free surface profile is shown in Fig. 13(b). It is clear from these results that
bifurcation occurs at the critical valug,, as expected (compare Buffoni, Champneys and Toland [22]), even although we are
unable to obtain accurate nonlinear solutiong'epproaches;, due to inflexion points on the wave profile. Finally there also
exist depression wave solutions in the case &f0, shown in Fig. 12(c) and Fig. 13(c). Again, results from fNLS and nonlinear
problems are in good agreement when the wave amplitude is relatively small.

6.3.2. Elevation waves

For t < 1/3, we have found that elevation waves exist for beth 0 and< 0 as predicted by the fNLS model. This is
different from the case of > 1/3 when solutions can only be found wher: 0 (MAGL1). Fore < 0 andt < 1/3, the branches
of elevation waves from the linear theory, the fNLS model and the fully nonlinear results are shown in Fig. 14(a). There are
two types of solutions, one (the lower curve) is a perturbation from a uniform stream, and the other (the upper curve) is a
perturbation from an envelope solitary wave. The fNLS results agree well with the nonlinear results when the wave is of small
amplitude andr is close toF;,, while linear results give better prediction to the perturbed solutions from the uniform stream.
The corresponding comparison of the computed free surface profiles on the upper carsef6r0001 is shown in Fig. 15(a).

It should be noted that fNLS is not a good model equation to described wave solution$ivheF, | is sufficiently large.
In that case the nonlinear solution is a better choice to gain insight into the solution behaviours. Figs. 14(b) and 15(b) give a
comparison of elevation solitary waves=£ 0) obtained from the NLS model with the fully nonlinear results. These again show
that elevation solitary wave solutions bifurcate from the critical vaie just as for depression waves. But we recall here that
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the NLS and fNLS model predicts complete symmetry between depression and elevation waves. However, although this does
occur in the limit as the wave amplitude decreases@nrd Fy, it is apparent from a comparison of Fig. 1 and Fig. 3 that this
is not so for the fully nonlinear problem, where marked differences emergedasreases.

Finally in Figs. 14(c) and 15(c) we show the comparisons for elevation waves: with. Note that the free surface profile
obtained from the fNLS shown in Fig. 15(c) corresponds to a “dimpled” envelope solution of the fNLS equatiot(with O.
Again the qualitative agreement with the fNLS model is evident.

7. Discussion

In this paper we have presented some numerical results for the calculation of symmetric steady subcritical free surface flows
due to an applied pressure distribution. Both gravity and surface tension effects are taken into account, and in this paper we
have considered the case of gravity-dominated waves when the Bond numbgf3, thus complementing the case- 1/3
reported in our companion paper MAG1. Of course, except whisivery close to zero, it has to be said that the results reported
here forr = 0.25 have only limited application, since they apply for such shallow water depths that it is unrealistic to neglect
dissipation, as we have done here. However, we feel that nevertheless it is useful to expand the known results for unforced
solitary waves to a context of forced waves in this particular problem where numerical results for finite-amplitude waves can
be obtained, in order to increase our understanding of nonlinear waves in general. Also, we expect these results to persist in
qualitative form ag is decreased, although the numerical calculations become extremely lengthy ve&mall.

Our numerical results show that both depression and elevation localized forced waves exist. It is found that depression and
elevation waves exist for both positive £ 0) and negative forcings(< 0). The solution branches which plot wave amplitude
versus the Froude numbeéris multivalued for depression waves wher 0 and for elevation waves when< 0. One solution
is a perturbation from the uniform flow and the other is a perturbation of a solitary wave. We found only one branch, which
is a perturbation of the solitary wave, for depression waves wherD and for elevation waves when> 0. In the case of
depression waves, @decreases, both these wave branches exhibit a limiting configuration with a trapped bubble.

To obtain insight into our numerical results, we considered both the linearized theory and a weakly nonlinear theory leading
to the forced nonlinear Schrédinger (fNLS) equation. In the case of depression waves,dorall and positive, the bifurcation



M. Maleewong et al. / European Journal of Mechanics B/Fluids 24 (2005) 502-521 521

diagram from the weakly nonlinear analysis of the fNLS model closely fits the numerical results, indicating that the forced
solutions are bifurcations from an envelope solitary wave. On the upper part of this branch, the linearized theory can also
predict the bifurcation from the uniform flow state, provided tRds not too close t@,,. The fNLS model can also predict the
depression wave when= —0.0001< 0. Similar conclusions can be made for elevation waves as then the fNLS model predicts
the same behaviour but for the opposite sigr .0But in this case for the fully nonlinear results, while agreeing as expected
as the wave amplitude decreases &ne> F;,, significant differences emerge &sdecreases. Our numerical results show that
asF decreases, the number of inflexion points on the free surface decrease, while the wave amplitude increases to a maximum
value and then decreases again. The fNLS model cannot predict this behaviour.

Also, some wave solutions in the form of multi-hump solutions were obtained in our numerical calculations. We have
reported here some typical behaviour as the flow parameters are varied. Further study is needed to understand these solution
and any connection with weakly nonlinear models.
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